This paper presents an efficient and robust geometric algorithm that classifies and detects all possible types of torus/sphere intersections, including all degenerate conic sections (circles) and singular intersections. Given a torus and a sphere, we treat one surface as an obstacle and the other surface as the envelope surface of a moving ball. In this case, the Configuration space (C-space) obstacle is the same as the constant radius offset of the original obstacle, where the radius of the moving ball is taken as the offset distance. Based on the intersection between the C-space obstacle and the trajectory of the center of the moving ball, we detect all the intersection loops and singular contact point/circle of the original torus and sphere. Moreover, we generate exactly one starting point (for numerical curve tracing) on each connected component of the intersection curve. All required computations involve vector/distance computations and circle/circle intersections, which can be implemented efficiently and robustly. All degenerate conic sections (circles) can also be detected using a few additional simple geometric tests. The intersection curve itself (a quartic space curve, in general) is then approximated with a sequence of cubic curve segments.
INTRODUCTION
Plane, natural quadrics (sphere, cylinder, and cone), and torus form the so-called CSG primitives in solid modeling systems. They have been frequently used in modeling simple mechanical parts. In the Boolean operations (union, intersection, and difference) of CSG solid objects, we need to compute the intersection curves of these simple surfaces.
Many algorithms have been developed for intersecting two freeform surfaces represented in parametric and/or implicit forms. (See [9, 20, 24] for surveys on surface intersection algorithms). In principle, they can be used for intersecting two simple surfaces. Unfortunately, there has been no single algorithm that can compute the intersection curve of two general surfaces accurately, robustly, and efficiently, while requiring no user intervention (see Chapter 12 of Hoschek and Lasser [9] for more details). In particular, when two surfaces have singular intersections, general algorithms have serious drawbacks in robustness. Even if we restrict the application of general algorithms to simple surfaces only, we cannot expect significant improvement. Therefore, general surface intersection algorithms are not appropriate for intersecting simple surfaces (such as plane, natural quadrics, and torus).
For intersecting two quadric surfaces, there are many specialized algorithms [6, 13, 14, 17, 19, 21, [27] [28] [29] that provide better solutions (in efficiency and robustness) than general surface intersection algorithms. Algebraic methods [6, 13, 14, 27, 29] (based on symbolic manipulation of surface equations) are general in the sense that they can handle all types of quadric surfaces. However, when the algebraic algorithms are implemented using floating-point arithmetic, it is very difficult to ensure their robustness. Numerical errors in algebraic quantities may result in incorrect geometric decisions, especially when two intersecting surfaces have a nearly degenerate/singular configuration. More seriously, surface coefficients have no clear geometric meaning, which makes consistent geometric treatment more difficult. Purely symbolic computations may be used to guarantee the robustness of these algebraic algorithms; however, the problem is then how to maintain the efficiency of these algorithms.
In the case of intersecting two natural quadrics, the situation is much better. There are reliable geometric algorithms that can intersect two natural quadrics efficiently and robustly [17, 19, 21, 28] . In particular, Miller and Goldman [19] classify necessary and sufficient geometric conditions that correspond to all possible types of degenerate/singular intersections. All computations employed in these algorithms have clear geometric meanings. Moreover, they can be carried out efficiently and robustly. Together with similar geometric algorithms for computing the planar sections of natural quadrics [11, 18] , these algorithms [17, 19, 21, 28] can support efficient and robust Boolean operations for CSG objects constructed by planes and natural quadrics. A natural question is how to extend the geometric coverage to include torus.
There are algebraic methods for intersecting two arbitrary cyclides [5, 10, 16] . Plane, natural quadrics, and torus are special types of cyclide. Therefore, these algorithms can be used in intersecting a torus with other simple surfaces (plane, natural quadrics, and torus). As in the case of two intersecting quadric surfaces, algebraic methods are general, but they have limitations in robustness. Therefore, we need to develop geometric algorithms that can guarantee efficiency and robustness at the same time.
In this paper, we present a geometric algorithm that detects all possible topological types of a torus/sphere intersection (TSI) curve and generates exactly one starting point (for numerical curve tracing) on each connected component. All required computations involve vector/distance computations and circle/circle intersections, which can be implemented efficiently and robustly using floating-point arithmetic. Degenerate conic sections (circles) in a TSI curve are detected using a few additional simple geometric tests. Singular intersections are detected based on testing tangency in certain circle/circle intersections. The TSI curve itself (a quartic space curve, in general) is then numerically approximated with a sequence of cubic curve segments [1, 3, 4] .
Our algorithm is based on a geometric transformation that reduces the TSI problem to a simpler problem of (i) classifying the relative position of a point with respect to the regions bounded by two tori or (ii) intersecting a circle with two concentric spheres. The geometric transformation generates the so-called Configuration space (C-space) obstacles [2, 15] . In robotics, the C-space approach (proposed by Lozano-Pérez [15] ) reduces the collision detection problem between a moving robot and an obstacle (i.e., the intersection between two solid objects) to a simpler problem of testing the containment of a point (called the reference point of the robot) in the C-space obstacle. In the case of a robot bounded/modeled by a sphere, the C-space obstacle with respect to the sphere (robot) is essentially the same as the offset of the original obstacle [2] .
When we consider the torus as an obstacle and the sphere as a moving robot, the C-space obstacle of the torus is bounded by two tori (with the same major radius, but with different minor radii). The relative position of the sphere center with respect to the two tori provides an effective way of classifying and detecting all different topological types of the TSI curves. When we consider the sphere as an obstacle and the torus as an envelope surface of a moving ball along a circular trajectory, the C-space obstacle of the sphere is bounded by the inner and outer offsets of the sphere (which are two concentric spheres). Intersecting the trajectory circle of the moving ball with the C-space obstacle (bounded by two spheres), we can effectively classify the topological type of the TSI curve and construct the TSI curve with all its singularities detected properly.
In each of the first three cases shown in Fig. 1 , the toroidal volume bounded by T and the ball bounded by S intersect in a single connected (volumetric) component. However, their boundary surfaces T and S intersect in two closed loops (Fig. 1a) in an 8-figured loop with self-intersection (Fig. 1b) and in a single loop (Fig. 1c) , respectively. The last case shown in Fig. 1d is related to a singular tangential intersection point. Note that the bold dots represent the center positions of the sweeping ball (inside the torus T ), each corresponding to a tangential contact with the sphere S. In Fig. 2 , these dots correspond to the intersection points between the main circle C (of the torus T ) and the C-space obstacle boundary (composed of two concentric spheres). Note that the circle C is also the circular trajectory of the sweeping ball's center.
The classification of each possible type of intersection loop(s) can be made considerably easier when we do the C-space transformation. That is, in Fig. 2 , the sphere S is expanded to a volume bounded by two spheres S I and S O , and the torus is shrunk to its main circle C. In Fig. 2a , the intersection between the circle C and the volume (bounded by S I and S O ) has two connected components (i.e., two circular arcs). Each component corresponds to a closed loop in the intersection curve between T and S. Moreover, in Fig. 2c , the intersection (in the C-space) has only one connected component. Therefore, the intersection curve of T and S has a single closed loop. Figure 2b shows an interesting degenerate case in which the intersection (between C and the C-space obstacle) may be considered as two components connected at the tangential intersection point with the inner sphere S I . The corresponding intersection curve of T and S is an 8-figured curve which may be considered as two intersection loops connected at a singular intersection point (on the sphere S). The C-space approach completely classifies all possible topological types of TSI curves. However, it does not provide a direct classification of all degenerate cases in which the TSI curve is composed of planar conic sections. In this paper, we also present simple geometric tests that can detect all possible types of degenerate conic sections (circles) in the TSI curve.
Piegl [22] considered the intersection of a torus with a plane. In particular, he observed a degenerate intersection in which a plane has two tangential intersections with a torus. In this case, the intersection curve consists of two intersecting circles (called Yvone-Villarceau circles). Similarly, when a sphere has two tangential intersections with a torus, the intersection curve consists of two Yvone-Villarceau circles (which are noncoplanar, in general). When we enlarge the radius of the sphere, the intersection curve (composed of two circles) converges to two coplanar circles contained in the limiting plane of the sphere. In fact, the Yvone-Villarceau circles are the only nontrivial conic sections that can be embedded in a torus. There are two other types of degenerate conic sections (circles) on a torus which are quite simple: (i) profiles circles and (ii) cross-sectional circles (see Fig. 4 ). We show that all degenerate circles can be detected and computed using a few simple geometric tests including vector/distance computations and circle/circle intersections. The detection of degenerate circles and singular intersections in a TSI curve is important since they are rational curves. That is, they can be represented exactly and efficiently. In the intersection of two general quadric surfaces, Farouki et al. [6] showed that all degenerate conic sections and singular intersections are rational curves. In Section 2, we show that the real, affine TSI curve is the same as the intersection of a sphere and a quadric surface. Therefore, all degenerate circles and singular intersection curves in a TSI curve are also rational. Moreover, Shene and Johnstone [28] discussed the importance of conic sections in blending two natural quadrics using cyclides. We have a similar advantage in the torus/sphere intersection. Let T d and S d be the offsets of T and S, respectively, with respect to the offset distance d. When the offset surfaces T d and S d intersect in a degenerate circle of radius R, the torus T and the sphere S can be blended using a torus with a major radius R and a minor radius d (see Rossignac and Requicha [25, 26] ).
The rest of this paper is organized as follows. In Section 2, we define some basic notations and review mathematical preliminaries. Section 3 presents geometric algorithms to compute the TSI curve. Finally, we conclude this paper in Section 4.
FIG. 2.
Intersections between the main circle of T and the C-space obstacle of S.
MATHEMATICAL PRELIMINARIES
In this section, we introduce some basic notations and background material which are useful in understanding the concepts and algorithms presented in later sections. In Section 2.1, we introduce notations for geometric primitives that will be used in this paper. Section 2.2 shows that a real, affine TSI curve can be realized as the intersection curve of a sphere and a quadratic surface. In Section 2.3, we enumerate all possible types of conic sections (circles) that can be embedded in a torus. Moreover, we present simple geometric methods that detect each type of degenerate circle in a TSI curve (see more details in Kim and Kim [12] ).
Notations for Geometric Primitives
Notations for basic geometric primitives are summarized in Table 1 , where 3D points/vectors are represented in boldface. Note that the torus T r,R (p, N) is the boundary of the sweeping volume ∪ q∈C R (p,N) B r (q). When the ball center q is located on the main circle of the torus (i.e., q ∈ C R (p, N)), the torus T r,R (p, N) and the ball B r (q) share a cross-sectional circle C r (q, N q ), where 
Unit vector representing a plane normal N p , N q ∈ S 2 Unit vectors with tails at p and q, respectively
The plane that contains p and is normal to N B δ (p)
The ball with center p and radius δ:
The sphere with center p and radius δ:
The circle with radius d and center p, and contained in the plane
The torus with minor radius r , major radius R, center p, and main circle C R (p, N) Figure 3 shows three different types of tori T r,R (p, N) for (a) r < R, (b) r = R, and (c) r > R. In this paper, we assume that the input torus is always of the first type; that is, we assume 0 < r < R. However, when we offset the torus for the generation of a C-space obstacle, the resulting C-space torus may be of the types (b) and (c).
TSI as a Quartic Curve
We show that the real, affine TSI curve is the same as the intersection curve of a sphere and a quadric surface. Thus, the algebraic degree of a real, affine TSI curve is four at most. By applying translation and rotation if necessary, we may assume that the torus T is given in a standard position and orientation; that is, its center is at the origin and its main circle is contained in the x y plane: T = T r,R (0, e 3 ), where 0 = (0, 0, 0) and e 3 = (0, 0, 1). The sphere S is in an arbitrary position: S = S δ ((α, β, γ )).
The implicit equation of the torus T = T r,R (0, e 3 ) is given as
Moreover, the implicit equation of the sphere S = S δ ((α, β, γ )) is given by N) with r = R, and (c) T r,R (p, N) with r > R.
equivalently,
By substituting Eq. (2) to Eq. (1), we obtain
where
This equation can be reformulated as a quadric surface as
The TSI curve is the same as the intersection curve of the sphere S and the quadric surface defined by Eq. (4). But, the quadric surface of Eq. (4) is not a natural quadric. For example, when (α, β, γ ) = (1, 0, 0), R = 3, r = 1, and δ = 3, Eq. (4) represents an elliptic cylinder. When (α, β, γ ) = (3, 0, 0), R = 2, r = 0.5, and δ = 3, Eq. (4) represents a hyperbolic cylinder. Therefore, we cannot use the intersection algorithms for natural quadrics to solve the TSI problem [17, 19, 21, 27, 28] . Though there are algebraic algorithms for intersecting two general quadrics [6, 13, 14, 29] , they have limitations in numerical stability (see [17, 19] for related discussions). Therefore, we need to develop an efficient and robust geometric method to compute the TSI curve. In this paper, we present such an algorithm using a geometric transformation that reduces the torus/sphere intersection problem to a simpler problem of either (i) classifying the containment of a point in an open region bounded by two toroidal surfaces or (ii) intersecting a circle with two concentric spheres. Using a few vector/distance computations, we can reduce this problem to either (i) classifying the containment of a point in a circular region or (ii) intersecting two circles in the same plane. These computations can be implemented in an efficient and robust way using floating-point arithmetic. We discuss this in more detail in Section 3.
Degenerate Circles in a TSI Curve
Conic sections embedded in a torus must be circles of special types (see Fig. 4 ): (i) profile circles, (ii) cross-sectional circles, and (iii) Yvone-Villarceau circles. This classification is a well-known result in classical geometry [23] . In fact, we can easily prove this using an elementary (but tedious) derivation. Instead of a rigorous proof, we present illustrative examples of these special types of circles and discuss how to detect each of them.
In Section 3, a simple method based on a C-space transformation will be introduced that can test the existence of two Yvone-Villarceau circles in a TSI curve. The construction of the two Yvone-Villarceau circles is given in Kim and Kim [12] . We omit the details here.
The TSI curve may contain a profile circle only if the center of a sphere S is located on the main axis of the torus T . Given a torus T = T r,R (p 1 , N) and a sphere S = S δ (p 2 ), this condition can be tested using 
The detection of cross-sectional circles in a TSI curve is more complex. First, the radius of S must be larger than or equal to the minor radius of T :
Then the center of S must be contained in the main plane of T , which can be easily tested as
Finally, the following condition must be satisfied (see Fig. 6 ):
TORUS/SPHERE INTERSECTION
This section introduces two methods of computing the TSI curve based on a C-space approach. Given a torus T = T r,R (p 1 , N) 
FIG. 6.
Cross-sectional circles in TSI.
and a sphere S = S δ (p 2 ), the first method considers the case of 0 < δ ≤ r, and the second method considers the case of 0 < r < δ. In the first method, the relative position of the sphere center p 2 with respect to the torus T determines the TSI curve. In the second method, the relative position of the main circle C R (p 1 , N) with respect to the sphere S determines the TSI curve. The C-space approach is useful in classifying the relative positions.
The Case of 0 < δ ≤ r
In this case, we consider the torus T as an obstacle and compute the C-space obstacle of the torus T with respect to the sphere S. By applying a simple translation, we may assume that the torus T has its center at the origin, T = T r,R (0, N), and the sphere S is given as S = S δ (p). The C-space obstacle of T is bounded by the ±δ-offsets of the torus; i.e., the inner offset torus T I = T r −δ,R (0, N) and the outer offset torus T O = T r +δ,R (0, N).
Case Analysis for Singular Intersections
When r + δ ≥ R, the outer torus Figs. 3b and 3c) . (In the case of r + δ < R, T O has no self-intersection; thus we have T D = ∅.) Based on the relative position of p with respect to T I , T O , and T D , we can classify all possible topological types of the TSI curves. The TSI curve has singularity (i.e., the torus T and the sphere S have a tangential intersection at p T ∈ T ∩ S) if and only if the center p of S is on the boundary of T I , T O , and T D , where p T is an orthogonal projection of p onto the surface T . Note that p is also the ±δ-offset point of p T ∈ T (see Fig. 7 ). There are five different cases to consider (for singular intersections):
the TSI curve degenerates into a point p T (Fig. 7a) .
2. p ∈ T D and p is a vertex of T D : the TSI curve degenerates into a circle (Fig. 7b) .
p ∈ T
D and p is not a vertex: the TSI curve is a quartic space curve with singularity at p T (Fig. 7c) .
4. p ∈ T I and 0 < δ < r: the TSI curve degenerates into a point p T (Fig. 7d) .
5. p ∈ T I and 0 < δ = r: the TSI curve degenerates into a circle (Fig. 7e) . In Case 2 considered above, the torus and the sphere touch along a degenerate circle. When we enlarge the radius δ of the sphere S slightly, the sphere S will intersect with the torus T in two different circles. Therefore, the degenerate circle of Fig. 7b may be considered as the limit of these two converging circles. When the limiting circle is interpreted as an overlap of two identical circles, the singular degenerate circle has a total algebraic degree of four. Therefore, it is clear that there is no other loop in the TSI curve.
In Case 3 considered above, the TSI curve has degree four and the curve has four branches at the singular point (i.e., at the tangential intersection point of T and S). (In algebraic geometry, two opposite branch directions are counted as a single branch; however, in this paper, we count them separately to make the counting scheme more intuitive for the engineering community.) We can easily compute these four branches by comparing the Dupin indicatrices of the torus T and the sphere S at their tangential intersection point (see also Piegl [22] ). The whole TSI curve can be detected by tracing along only two appropriate branches at the singular point. Using the result of Farouki et al. [6] , we can also represent the TSI curve (with a singular point) exactly as a rational quartic space curve. The fact that there is no other loop in the TSI curve will become clear when we discuss the relationship between the number of intersection loops and the winding number assigned to each 3D (volumetric) open region bounded by T I , T O , and T D .
In Case 5, when we enlarge the radius δ of the sphere S slightly, the sphere S will intersect with the torus T in an irreducible quartic space curve. But, when we relocate the center p of S in the main plane of T and at a distance √ R 2 + δ 2 − r 2 from the center of T , the sphere S will intersect with the torus T in two degenerate circles (see Section 2.3 and Fig. 6 ). As the radius δ of S converges to the minor radius r of T , the two degenerate circles converge to the singular degenerate circle of Case 5 shown in Fig. 7e . Therefore, we can apply an argument similar to that of Case 2 and conclude that there is no other loop in the TSI curve.
Case Analysis for Nonsingular Intersections
The TSI curve has no singularity if and only if the center p of S is not located on the toroidal surface (Fig. 8a) .
p ∈ T I
− : the TSI curve is empty (Fig. 8b) . (Fig. 8c) .
p ∈ T D
− : the TSI curve has two loops (Fig. 8d) . 
Winding Number Theory
The number of closed loops in the TSI curve is closely related to the winding number of the two toroidal surfaces 
When we trace each curve so that the curve normal (inherited from the surface normal orientation) is always to the right-hand side of the curve advancing direction, we can determine the winding number of the planar curves around the selected point p. Figure 9 shows two examples of planar cuts, in which the plane L is taken so that it contains the point p and is orthogonal to the normal vector N. Figure 9a is the result of a planar cut applied to the example shown in Fig. 8c . Note that the winding number of two oriented circles around p is one. Figure 9b shows a similar result applied to the example of Fig. 8d Fig. 8 ) will show that the winding number of each open region properly classifies the number of closed loops in the TSI curve. In general, an argument based on the Jordan-Brouwer Separation Theorem will provide a rigorous proof for the relation between the winding number and the number of closed loops in the TSI curve [8] . We omit the details here.
Guibas et al. [7] showed an application of the winding number (defined for planar closed loops which may self-intersect) in computing the number of connected components in the intersection of two planar objects. However, they did not consider an intersected volume with interior holes (e.g., an object with genus 1) such as the volume bounded by T and S in Fig. 8d. 
ALGORITHM: Torus Sphere Intersection I
ALGORITHM: Torus Sphere Intersection I of Appendix A summarizes the TSI algorithm based on the above case analyses. In this algorithm, we assume that cubic curve tracing routines Trace Singular TSI Curve (T, S, P) and Trace Regular TSI Curve (T, S, P), are available, where T is a torus, S is a sphere, and P is the set of starting points (exactly one point for each closed loop of the TSI curve). Each singular intersection curve can be traced starting from its singular point (see also Piegl [22] ), the details of which are given in the routine Trace Singular TSI Curve. One may also use the technique of Farouki et al. [6] for an exact rational parametrization of the singular quartic space curve. To deal with the case in which T and S have no tangential intersection point, a starting point must be generated on each closed loop of the TSI curve. After that, each curve component is traced using the routine Trace Regular TSI Curve. Our implementation of the two curve tracing routines is based on customizing the general SSI procedures of Choi [4] to the special case of intersecting a torus with a sphere (see also Bajaj et al. [1, 3] ).
Lines (1)- (3) torus T ), the closest point p c of the main circle C R (0, N) to the point p is computed as
Similarly, the farthest point p f is given by
Line (4) considers the case in which there is only a single loop in the TSI curve. It is easy to show that the sphere S and the cross-sectional circle C r (p c , N p c ) intersect in two different points. We take any one of the two points as a starting point for curve tracing. Line (6) handles the case in which the intersected volume bounded by T and S is an object with genus 1 (see Fig. 8d ). In this case, each cross-sectional circle C r (C(t), N C(t) ) intersects the sphere S in two different points. Moreover, each point belongs to a different loop in the TSI curve. Thus both intersection points can be used as starting points for numerical curve tracing.
In Line (5), we assume the availability of the routine Compute Profile Circles (T, S), which computes two degenerate profile circles in the TSI curve. Each profile circle is contained in a plane that is orthogonal to the normal vector N. The distance of the plane from the main plane of the torus and the radius of each profile circle can be computed by intersecting two circles (see Section 2.3 and Fig. 5 ).
In ALGORITHM: Torus Sphere Intersection I, except the procedures for numerical curve tracing, all the required computations are vector/distance computations and circle/circle intersections. The numerical errors in these operations can be measured geometrically. Moreover, the maximum distance between a cubic approximation curve segment and the torus (or the sphere) can be measured with high accuracy, utilizing the simple structure of the torus and the sphere. The geometric nature of these errors enables an efficient and robust implementation of our algorithm using floating-point arithmetic.
The Case of 0 < r < δ
In this case, we consider the sphere S = S δ (p 2 ) as an obstacle and the torus T = T r,R (p 1 , N 1 ) as the envelope surface of a moving ball B r (C(t)), where C(t) is a parametrization of the main circle C R (p 1 , N 1 ) of the torus T . That is, T = Bdr(∪B r (C(t))), where Bdr means the boundary of a closed (volumetric) region in R 3 . By applying a translation, we may assume that the sphere S has its center at the origin S = S δ (0), and the torus T is given as T = T r,R (p, N). The C-space obstacle of the sphere S (with respect to the moving ball B r (C(t)) of radius r ) is bounded by the ±r -offsets of the sphere S, that is, the inner offset sphere 
Counting the Number of Closed Loops
When we give the normal orientation of the outer sphere The ball B r (C(t)) (t 1 ≤ t ≤ t 2 ) intersects with the sphere S = S δ (0) in a circular disc D(t). We have the relation (see Fig. 10 ).
The TSI curve T ∩ S is the boundary curve of the region ∪D(t) on the sphere S (Fig. 10b) . Moreover, it is the envelope curve of the one-parameter family of circular discs D(t) on the sphere S. With the exception of some degenerate cases, each D(t) contributes two points, γ − (t) and γ + (t), to the envelope curve. These two points are the same as the two intersection points of the cross-sectional circle C r (C(t), N C(t) ) with the sphere S, where N C(t) = (C (t))/ C (t) (Fig. 10c) .
When N C(t) ) intersects with the sphere S at two different points, γ − (t) and γ + (t). As the cross-sectional circle C r (C(t), N C(t) ) sweeps out the entire torus T , the two points, γ − (t) and γ + (t), generate two smooth curves that bound the connected region ∪D(t) on the sphere S. Therefore, the TSI curve consists of two closed loops (Fig. 11a) . When the main circle C R (p, N) has a tangential contact (at a point p 0 ) with either S I or S O , the two closed loops in the TSI curve have a contact at p S , forming an 8-figured loop (Fig. 11b) , where p S is the orthogonal projection of p 0 onto the sphere S. Note that p 0 is the r -offset of p S ∈ S if p 0 ∈ S O , or p 0 is the (−r )-offset of p S ∈ S if p 0 ∈ S I . The figures in the left columns of Figs. 11 and 12 illustrate the relative position of the main circle C R (p, N) of the torus T in the C-space of the sphere
S; the figures in the right columns of Figs. 11 and 12 illustrate the corresponding relative configurations of T and S.
Assume that the ball B r (C(t)) intersects with the sphere S, for t 1 ≤ t ≤ t 2 , and there is no intersection between B r (C(t)) and S, for t 1 − < t < t 1 and t 2 < t < t 2 + , where > 0 is an arbitrarily small positive number. Then, there are some values oft 1 andt 2 such that ( Fig. 10 ):
• t 1 <t 1 <t 2 < t 2 .
• C r (C(t), N C(t) ) ∩ S = ∅, for t 1 < t <t 1 ort 2 < t < t 2 .
• C r (C(t), N C(t) ) ∩ S = {γ − (t) = γ + (t)}, for t =t 1 ,t 2 .
• C r (C(t), N C(t) ) ∩ S = {γ − (t), γ + (t)}, with γ − (t) = γ + (t), for t 1 < t <t 2 .
The boundary curve of the region ∪ t 1 ≤t≤t 2 D(t) (on the sphere S) is the same as the union
Since the cross-sectional circles C r (C(t), N C(t) ) are all disjoint, no boundary point of ∪ t 1 ≤t≤t 2 D(t) can be shared by two different instances of C r (C(t), N C(t) ), fort 1 ≤ t ≤t 2 . Therefore, the two curves γ − (t) and γ + (t) have no intersection, fort 1 < t <t 2 . They have no self-intersection, either. Moreover, these two curves are connected at two common end points, γ − (t 1 ) = γ + (t 1 ) and γ − (t 2 ) = γ + (t 2 ). The resulting boundary curve of ∪D(t) thus forms a closed loop on the sphere S.
In the above discussion, we showed that when the main circle N) at no more than two points.) Similarly, the main circle C R (p, N) may intersect with the outer sphere S O at no more than two points. Each closed loop of Fig. 11a degenerates into a profile circle of the torus T if and only if the main axis of the torus T passes through the center of the sphere S, which can be detected by the condition p × N = 0 (see Section 2.3 and Fig. 5 ). Moreover, each closed loop of Fig. 11d degenerates into a cross-sectional circle of the torus T if and only if the center of the sphere S is contained in the main plane of the torus T (i.e., p, N = 0) and the distance between the two centers of T and S (i.e., p ) satisfies the condition p 2 = R 2 + δ 2 − r 2 (see Fig. 6 ). Figures 12a and 12b show singular degenerate cases in which the main circle C R (p, N) has two tangential intersection points with S O ∪ S I . Each tangential intersection point generates a singular point in the corresponding TSI curve. Therefore, there are two singular points in the TSI curve. Being a self-intersection point of the TSI curve, each singular point has multiplicity two. When we pass a plane L through the two singular points, the plane L cannot intersect with any other point of the TSI curve since the plane L already intersects with the TSI curve (of degree four) at four points (counting the multiplicity properly). The only exception is the case in which the plane L completely contains at least one component of the TSI curve. This means that each component of the singular TSI curve is a planar curve. Moreover, this planar curve is embedded in the sphere S. That is, this curve must be a circle. Consequently, the TSI curve consists of two circles (called Yvone-Villarceau circles) when there are two singular points (see also Piegl [22] and Fig. 4c) . Each singularity can be easily detected from a tangential intersection of the main circle C R (p, N) with the two concentric spheres S O ∪ S I . 
More Examples

